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Abstract 

This paper investigates the relationship between income distribution, exploitation, and real wages 

within a multi-year production framework. Specifically, it analyzes how variations in the 

distribution of national income between wages and profits affect average labor productivity and 

the real wage. A theoretical model is developed in which productivity growth depends on the profit 

share, allowing the calculation of real wages and the time required for different income 

distributions to yield equivalent purchasing power. The analysis shows that, under certain 

conditions, the same real wage can arise in a situation with exploitation and in one without it. In 

these cases, as a general rule, the two wage levels involved determine an interval of wage levels 

where the real wage exceeds that corresponding to the zero-exploitation scenario. The results 

further demonstrate that the effect of increasing profit, or equivalently the exploitation rate, on real 

wages depends on the duration of the reference period, productivity growth, and wage share. In 

some cases, higher profit can coexist with higher real wages due to productivity gains. The study 

contributes to classical and Marxian distribution theory by extending linear production models to 

a multi-period setting and by clarifying the dynamic interaction between productivity growth and 

income distribution. These findings provide new insights into the conditions under which 

exploitation and improvements in workers’ purchasing power may coexist. 
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1. Background and Purposes of the Study 

According to Smith (1981, 13-275), the annual production of goods depends on a set of interrelated 

institutions such that the growth of any one of them causes the growth of at least one other 

institution in the set, and, as a general rule, given enough time, these changes also lead to an 

increase in the annual production of goods. In Benítez (2024), it is shown, based on Smith's 

arguments, that within this wealth creation system, average labor productivity is positively related 

to profit, at least within certain limits. Moreover, different aspects of this relation are studied in 

the simplest case, when it can be represented by means of a linear function, focusing attention on 

its relevance for the real wage. In this paper, we continue that investigation by calculating the 

length of time required for the real wage to be the same for two different distributions of the 

national income between wages and profit in a given economy, paying particular attention to the 

case where, at one of these distributions, profit is zero. This case presents the same real wage in 

two different income distributions, one with exploitation and the other without. It is relevant to a 

precise appreciation of Marx’s concept of exploitation because, as shown originally in the quoted 

paper, the non-zero exploitation distribution of income limits from below the set of those 

distributions of income for which the real wage is greater than in the zero-exploitation distribution. 

The study of the relation between production and income distribution within the classical and 

Marxist literature has resulted in numerous publications that consider its different aspects by means 

of linear production models whose main references are the works of Dmitriev (1974), Leontief 

(1941), Marx (1990), and Sraffa (1960). As can be seen in the reviews of this literature offered in 

Kurtz & Salvadori (1995), Isikara & Mokre (2025) and Smith (2025) these models typically 

encompass a single production cycle carried out using a technique chosen from a fixed set of 

techniques. This restricts their ability to incorporate the effects of changes in income distribution 

on the available techniques, since these effects usually only materialize after several production 

cycles. However, as shown in Benítez (2024), Smith (1981, 13-275) theory of economic growth 

lays the groundwork for constructing a multi-year production model that allows average labor 

productivity to be represented as a function of income distribution. We briefly present here, and 

more formally in the following section, the characteristics of that model required in this paper. We 

study an economy that carries out a succession of annual production cycles in which only one type 

of good is obtained, completely consuming certain quantities of labor and the same good in the 

process. Alternatively, for empirical studies, it is assumed that the net product of the model 

approximately represents the GDP of a given economy. The reference period consists of a 

particular sequence of years, and the quantities of the good produced are measured using the 

average product per worker when profit is equal to zero. Wages and profits are the fractions of net 

annual product, constant throughout the entire sequence and whose sum equals one, that 

remunerate labor and capital, respectively. Real wage, on the other hand, is the amount of product 

that can be purchased with the average wage of a unit of labor in the reference period.  
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The relationship between productivity and profit already mentioned in the first paragraph is 

expressed in the productivity/profit rate, which indicates the growth of average labor productivity 

per unit of profit, assumed to be constant for a given period and economy. Under these conditions, 

it is shown that if the rate is less than or equal to one, any increase in profit implies a decrease in 

the real wage, while if it is greater than one, there is an open interval of possible wage values, the 

upper limit of which is one and the lower limit of which is less than one, each corresponding to a 

real wage greater than that at the zero-profit level. Therefore, the real wage reaches its maximum 

possible level while the corresponding profit and rate of exploitation levels are both greater than 

zero. Indeed, profit is higher than zero only if the rate of exploitation is also higher, a result 

originally shown in Okisho (1963) further developed in Morishima (1973, 6) and, with an approach 

relevant for this text, also in Benítez (2011, 24-27). Moreover, there is a set of possible income 

distribution scenarios in which profit and real wages grow simultaneously. We should also indicate 

that, given the reference period and either a productivity/profit rate greater than one or the growth 

rates of output and employment, the optimal wage level and the lower limit of the aforementioned 

interval are calculated in each case.  

To define the research purposes, it is useful to make two preliminary remarks. First, as already 

indicated, given a reference period, the unit of measure chosen in Benítez (2024) for the good 

produced is the amount produced per worker when profit is equal to zero.1 Therefore, the lower 

limit mentioned in the preceding section is a wage level less than one for which the real wage is 

equal to one. Second, when considering a sufficiently long reference period, average labor 

productivity can grow to any level if its growth rate is greater than zero. Based on these remarks, 

and returning to the model of the cited paper, in this work we proceed following two lines of 

enquiry that are complementary to the one we have summarized. On the one hand, given a wage 

between zero and one and an average labor productivity growth rate greater than zero, we calculate 

the number of years required for the wage to have a purchasing power equal to one. As a result, 

we identify the period for which the given wage is the lower limit of the aforementioned wage 

interval. View from another angle, given the two variables just indicated, we calculate the period 

required for the real wage to equal the one corresponding to the economy during the same period 

when profit is equal to zero. The interest of this calculation becomes apparent if we consider that: 

I) This period is the one necessary for the real wage corresponding to the given wage 

to be observed in a situation with exploitation and also in one without it. From the 

 

1 In that text, it is assumed that when profit is equal to zero the average labor productivity growth rate is also zero. 

Then, regardless of the duration of the period considered, the real wage is equal to the average labor productivity of 

the first year. In this paper, we adopt this last quantity as unit of measurement. Both units are equivalent under the 

assumption just mentioned but the new one is easier to work with when, as will be done in sections 5 and 6 ahead, the 

assumption is disregarded. 
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perspective of the workers' economic interest, which consists of obtaining the high-

est possible real wage, the two situations are equivalent if we disregard the prefer-

ence for the present. 

II) In the calculated period, due to the higher real wage, the situations determined by 

the wage levels between the given wage and one, in all of which there is exploita-

tion, are preferable for wage earners to the situation in which there is no exploita-

tion. 

III) Due to the constant growth of average labor productivity, the real wage is a mono-

tonically increasing function of the duration of the reference period. Thus, given a 

starting date for the latter, the calculation we perform allows us to know the date 

from which any period ending after that date has a real wage higher than that of the 

zero-profit level. 

On the other hand, without substantially affecting the research outcomes summarized here, we 

show that it is possible to disregard the following assumptions: a) average labor productivity does 

not increase when profit is zero, b) there is no preference for the present, and c) the 

productivity/profit rate is constant. After this one, eight more sections follow. Section 2 exposes 

the model and some properties of the productivity/profit rate. The model, except for the unit of 

measurement used for the good produced, as well as the rate’s properties, with one exception, 

originally appeared in Benítez (2024) but are slightly modified here for the purposes of this paper. 

In Section 3, we calculate the average labor productivity corresponding to a given period when the 

annual growth rate of average labor productivity is greater than zero. In Section 4, given a wage 

between zero and one and a growth rate of average labor productivity greater than zero, we 

calculate the number of years required for the real wage to equal that corresponding to the same 

period when profit is zero. This is done by adopting assumptions a), b, and c) just mentioned. The 

following four sections revisit the same problem, disregarding assumption a) in Section 5 and 

assumptions a) and b) in Section 6. Section 7 illustrates some results from sections 2 and 6 while 

Section 8 discusses the productivity/profit rate as a function of the wage. The final section presents 

some concluding remarks. 

2. The Model 

This section presents the essential aspects of the reference model originally introduced in Benítez 

(2024) and some of its main results, adapting them to the unit of measurement for the quantities 

of the good produced used here, which differs from that of the cited text. 

2.1 Basic Concepts 

We consider an economy that carries out a succession of annual production cycles in which only 

one type of good is obtained, completely consuming certain quantities of labor and the same good 

in the process. The amounts used and produced of the good, as well as the volume of work carried 
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out, may vary in all years. For the purpose of studying the effect of changes in the distribution of 

income on the amounts indicated, we shall assume that throughout the reference period, at the end 

of each year, wage-earners receive as labor compensation the same fraction 𝑤 of the corresponding 

net product. Since this variable determines the fraction of net product constituting profit (1 − 𝑤), 

it also affects the volume of investment and employment, particularly investment in science and 

technology, and thus average labor productivity. On the basis of these assumptions, we now define 

the relevant variables of our analysis as functions of 𝑤. 

To each year corresponds a particular index 𝑡 such that 𝑡 = 1,2, … For each 𝑡, 𝐿𝑡(𝑤) is the labor 

used, 𝑄𝑡(𝑤) the quantity produced,  𝐾𝑡(𝑤) the quantity consumed and 𝑌𝑡(𝑤) the net product 

(𝑄𝑡(𝑤) − 𝐾𝑡(𝑤)) obtained producing the good in the year 𝑡. Therefore, the average labor 

productivity in that year and in the period 𝑡1-𝑡2, which runs from the beginning of the year 𝑡1 to 

the end of the year 𝑡2 are, respectively:  

𝐴𝐿𝑃𝑡(𝑤) =
𝑌𝑡(𝑤)

𝐿𝑡(𝑤)
                                                                               (1) 

𝐴𝐿𝑃𝑡1−𝑡2
(𝑤) =

∑ 𝑌𝑡(𝑤)𝑡2
𝑡=𝑡1

∑ 𝐿𝑡
𝑡2
𝑡=𝑡1

(𝑤)
.                                                                 (2) 

We assume that the two variables just defined are greater than zero for every 𝑤 ∈ ]0,1]. The good 

is measured using as a unit of measurement the average net product per labor unit in the first year 

of the reference period and we assume that, in a given period and economy, this quantity is the 

same for all the levels of 𝑤.  Therefore, we have: 

𝐴𝐿𝑃𝑡1
(𝑤) = 1 ∀ 𝑤 ∈ ]0,1].                                                                     (3) 

This assumption facilitates the exposition without affecting the relevant results and, due to the fact 

that the data corresponding to 𝐴𝐿𝑃𝑡1
(𝑤) is normally available in the statistical information only 

for a single level of 𝑤 < 1, it also facilitates illustrating the results by means of empirical 

examples. 

To calculate the real wage, we notice that the total quantity of the good that can be purchased by 

the wage-earners in a given year 𝑡 or in the period 𝑡1-𝑡2 results from multiplying by 𝑤 the 

numerator in the right side of equations (1) and (2), respectively. To obtain the real wage in each 

case we divide the product by the corresponding quantity of labor. From this conclusion, it follows 

that in a given year 𝑡: 

𝑠𝑡(𝑤) = 𝑤𝐴𝐿𝑃𝑡(𝑤)                                                                             (4) 

and, in the period from 𝑡1 to 𝑡2: 

𝑠𝑡1−𝑡2
(𝑤) = 𝑤𝐴𝐿𝑃𝑡1−𝑡2

(𝑤)                                                                     (5) 
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⇒ 

𝐴𝐿𝑃𝑡1−𝑡2
(𝑤) =

𝑠𝑡1−𝑡2
(𝑤)

𝑤
 ∀ 𝑤 ∈ ]0,1].                                                     (6) 

2.2 The Productivity/Profit Rate 

To study the relation between average labor productivity and profit, we consider the simplest case, 

when it can be represented by means of a linear function. For this reason, to each volume of profit 

corresponds an increase in the average labor productivity (relative to its level when 𝑤 = 1) which 

is in constant proportion µ𝑡1−𝑡2
≥ 0 to profit. Thus, given a particular economy and a reference 

period 𝑡1 − 𝑡2: 

µ𝑡1−𝑡2
=

𝐴𝐿𝑃𝑡1−𝑡2
(𝑤) − 𝐴𝐿𝑃𝑡1−𝑡2

(1)

1 − 𝑤
 ∀ 𝑤 ∈ ]0,1[.                                             (7) 

As can be seen in this equation, the newly defined quotient, which we refer to as the 

productivity/profit rate, is expressed in units of the good per unit of labor and indicates the growth 

of the average labor productivity per unit of profit. 

Equation (7) implies that: 

   𝐴𝐿𝑃𝑡1−𝑡2
(𝑤) = 𝐴𝐿𝑃𝑡1−𝑡2

(1) +  µ𝑡1−𝑡2
(1 − 𝑤).                                               (8) 

From equations (5) and (8) it follows that: 

𝑠𝑡1−𝑡2
(𝑤) = 𝑤𝐴𝐿𝑃𝑡1−𝑡2

(1) +  𝑤µ𝑡1−𝑡2
(1 − 𝑤).                                               (9) 

For the purpose of studying the real wage as a function of the distribution of income, we derive 

this equation with respect to 𝑤, which results in:  

 𝑠𝑡1−𝑡2
′(𝑤) = 𝐴𝐿𝑃𝑡1−𝑡2

(1) +  µ𝑡1 −𝑡2
(1 − 𝑤) −  𝑤µ𝑡1−𝑡2

                                    (10) 

= 𝐴𝐿𝑃𝑡1−𝑡2
(1) +  µ𝑡1−𝑡2

− 2µ𝑡1−𝑡2
𝑤                                                  (11) 

= 𝐴𝐿𝑃𝑡1−𝑡2
(1) +  µ𝑡1−𝑡2

(1 − 2𝑤).                                                      (12) 

It is important to distinguish between the two cases characterized respectively by inequalities (13) 

and (14) discussed next: 

µ𝑡1−𝑡2
≤ 𝐴𝐿𝑃𝑡1−𝑡2

(1).                                                                        (13) 

 In this case, we can observe in equation (12) that 𝑠𝑡1−𝑡2
′(𝑤) > 0 for every 𝑤 ∈ [0, 1] except if 

µ𝑡1−𝑡2
= 𝐴𝐿𝑃𝑡1−𝑡2

(1) and 𝑤 = 1 in which case 𝑠𝑡1−𝑡2
′(𝑤) = 0.  This means that any increase in 

profit causes a decrease in real wage. Consequently, the real wage peaks when 𝑤 = 1. 

µ𝑡1−𝑡2
> 𝐴𝐿𝑃𝑡1−𝑡2

(1).                                                                      (14)  
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In this case, it is possible to observe in equation (12), on the one hand, that 𝑠𝑡1−𝑡2
′(𝑤) is a 

decreasing monotonic function of 𝑤. On the other hand, that 𝑠𝑡1−𝑡2
′(0) > 0 while 𝑠𝑡1−𝑡2

′(1)  <

 0. It follows from these remarks that there is only one value of 𝑤 ∈ ]0, 1[ for which 𝑠𝑡1−𝑡2
′(𝑤) =

0 and also that with this value of 𝑤 the function 𝑠𝑡1−𝑡2
(𝑤) reaches a maximum. Therefore, 

𝑠𝑡1−𝑡2
(𝑤) increases when 𝑤 decreases from 𝑠𝑡1−𝑡2

(1) = 𝐴𝐿𝑃𝑡1−𝑡2
(1) until it reaches its maximum 

value for a  𝑤 ∗∗ ∈ ]0, 1[ , that we will call the optimal wage share, from which it decreases 

until 𝑠𝑡1−𝑡2
(0) = 0. When it decreases towards zero, it adopts a value 𝑤 ∗ ∈ ]0, 𝑤 ∗∗ [ such that:  

 𝑠𝑡1−𝑡2
(𝑤 ∗) = 𝐴𝐿𝑃𝑡1−𝑡2

(1).                                                               (15)  

See Figure 2 in Section 5. The following proposition demonstrates three formulas relating some 

variables introduced in this section. 

Proposition 1. Let 𝑤 ∗ ∈ ]0, 1[ and 𝑡1 − 𝑡2 be a period for which equation (15) holds. Then, it is 

also true that: 

µ𝑡1−𝑡2
= 𝐴𝐿𝑃𝑡1−𝑡2

(𝑤 ∗)                                                                         (16) 

𝑤 ∗∗=
𝐴𝐿𝑃𝑡1−𝑡2

(1) + µ𝑡1−𝑡2

2µ𝑡1−𝑡2

                                                                    (17) 

𝑤 ∗=
𝐴𝐿𝑃𝑡1−𝑡2

(1)

µ𝑡1−𝑡2

.                                                                              (18) 

Proof. By substituting the first and second terms in the numerator of equation (7) with their 

respective equivalents according to equations (6) and (15), we obtain: 

µ𝑡1−𝑡2
=

𝑠𝑡1−𝑡2
(𝑤 ∗)

𝑤 ∗ − 𝑠𝑡1−𝑡2
(𝑤 ∗)

1 − 𝑤 ∗
                                                       (19) 

=
𝑠𝑡1−𝑡2

(𝑤 ∗) (
1

𝑤 ∗ − 1)

1 − 𝑤 ∗
                                                            (20) 

=
𝑠𝑡1−𝑡2

(𝑤 ∗) (
1 − 𝑤 ∗

𝑤 ∗ )

1 − 𝑤 ∗
                                                            (21) 

 =
𝑠𝑡1−𝑡2

(𝑤 ∗)

𝑤 ∗
.                                                                               (22) 

Equations (6) corresponding to 𝑤 ∗ and (22), taken together, imply equation (16).  

To calculate 𝑤 ∗∗, we set the right side of equation (12) equal to zero: 

0 = 𝐴𝐿𝑃𝑡1−𝑡2
(1) +  µ𝑡1−𝑡2

(1 − 2𝑤 ∗∗)                                                     (23) 
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⇒ 

2𝑤 ∗∗ µ𝑡1−𝑡2
= 𝐴𝐿𝑃𝑡1−𝑡2

(1) + µ𝑡1−𝑡2
.                                                     (24) 

This result implies equation (17).  

Finally, equation (5) corresponding to 𝑤 ∗ and equation (15), taken together, imply that: 

𝑤 ∗ 𝐴𝐿𝑃𝑡1−𝑡2
(𝑤 ∗) = 𝐴𝐿𝑃𝑡1−𝑡2

(1)                                                      (25) 

⇒ 

𝑤 ∗=
𝐴𝐿𝑃𝑡1−𝑡2

(1)

𝐴𝐿𝑃𝑡1−𝑡2
(𝑤 ∗)

.                                                                  (26) 

Substituting 𝐴𝐿𝑃𝑡1−𝑡2
(𝑤 ∗) with the left side of equation (16) we obtain equation (18). 

3. Average Labor Productivity Over a Period 

In this section, we calculate the average labor productivity over a period 𝑡1 − 𝑡2 by knowing the 

average annual growth rate of labor productivity (𝑔) over that period. The average product per 

worker in the first year is 𝐴𝐿𝑃𝑡1
(𝑤) units, in the second year it is 𝐴𝐿𝑃𝑡1

(𝑤)(1 + 𝑔) units, in the 

third year 𝐴𝐿𝑃𝑡1
(𝑤) (1 + 𝑔)2 units and so on. The average labor productivity over the period is 

the quotient of the sum of the quantities produced per worker divided by the number of years of 

the period: 

𝐴𝐿𝑃𝑡1−𝑡2
(𝑤) =

𝐴𝐿𝑃𝑡1
(𝑤)[1 + (1 + 𝑔) +  (1 + 𝑔)2 … + (1 + 𝑔)𝑡2−𝑡1]

𝑡2 − 𝑡1 + 1
.                      (27) 

It is possible to observe that the second factor in the numerator of the right side in this equation 

is a sum of a geometric progression containing 𝑡2 − 𝑡1 + 1 terms whose first term is 1 and whose 

common ratio is (1 + 𝑔). By making: 

𝑛 = 𝑡2 − 𝑡1 + 1                                                                             (28) 

𝐺 = 1 + 𝑔                                                                                 (29) 

we can substitute 𝐴𝐿𝑃𝑡1
(𝑤), 𝑡2 − 𝑡1 + 1 and 1 + 𝑔 in equation (27) according to equations (3), 

(28) and (29) respectively. Then, we obtain: 

𝐴𝐿𝑃𝑡1−𝑡2
(𝑤) =

1 + 𝐺 +  𝐺2 … + 𝐺𝑡2−𝑡1

𝑛
.                                                       (30) 

Applying the formula for the sum of a geometric progression, yields: 

𝐴𝐿𝑃𝑡1−𝑡2
(𝑤) =

(
𝐺𝑛 − 1
𝐺 − 1

)

𝑛
                                                                     (31) 
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where the average labor productivity during the reference period appears as a multiple of the 

average labor productivity in the first year of the period. For what follows, it is important to add 

that equations (5) and (31) allow the real wage of the reference period to be expressed in the 

following way: 

𝑠𝑡1−𝑡2
(𝑤) = 𝑤

(
𝐺𝑛 − 1
𝐺 − 1

)

𝑛
.                                                                   (32) 

Example 1. According to Weinstock (2023) in the United States between 1949 and 2021 the 

average annual growth rate of labor productivity (𝑔) in the non-farm business sector was 2.1%, 

and, according to York (2023), the average share of wages in national income from 1929 to 2023 

was 69.9%. We will calculate the real wage for the period beginning in 1949, which lasts 

33.520329 years (33 years plus 365 × 0.520329 days). 

Equation (28) allows us to calculate that the period considered ends in 1981.520329. Substituting 

each variable in formula (32) with the corresponding value yields: 

𝑠1949−1981.520329(0.699) = (0.699)
(

(1.021)33.520329 − 1
1.021 − 1

)

33.520329
                                (33) 

= 0.999944                                                                         (34) 

This shows that the real wage for the period under consideration is equal to the average labor 

productivity in the first year of that period, except for a small difference due to rounding in the 

calculations. It is also equal to the real wage for the same period when profit is zero, assuming 

that, in this case, the growth rate of labor productivity is zero. The choice of the period is justified 

later, in Example 2. 

Table 1. Tabulation of 𝒔𝟏𝟗𝟒𝟗−𝒕𝟐
(𝒘) for two different pairs (𝒘, 𝒈) 

𝑡2 (1, 0.0021) (0.699, 0.021) 𝑡2 (1, 0.0021) (0.699, 0.021) 

1950 1 0.699 1981.52 1.03411 1 

1957 1.0073 0.7529 1984.768 1.038 1.038 

1965      1.0159   0.82065 1993 1.046 1.1312 

1973 1.0245 0.8969 2003 1.0577 1.277 

Source: own elaboration with data from Weinstock (2023) and York (2023). 
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Table 1 presents the average labor productivity values for two different wage levels and their 

corresponding labor productivity growth rates. These values were calculated for eight reference 

periods of varying lengths, all starting in 1949. Figure 1 presents the graphs of the functions 

tabulated in Table 1. There, we can appreciate the evolution of average labor productivity for three 

different pairs (𝑤, 𝑔) as a function of the number of years included in the reference period. In 

particular, it shows that if (𝑤, 𝑔) = (0.699, 0.021) the average real wage in any period starting in 

1949 and ending either after 1981.52 or after 1984.768 is greater to the one corresponding to the 

system in the same period if (𝑤, 𝑔) = (1, 0) or (𝑤, 𝑔) = (1, 0.0021), respectively. 

Figure 1. Graphics of 𝒔𝟏𝟗𝟒𝟗−𝒕𝟐
(𝒘) for three different pairs (𝑤, 𝑔) 

4. Years Required for the Real Wage to Equal a Given Amount of Product 

In this Section, given a wage 𝑤 ∈ ]0,1[ and a growth rate of average labor productivity 𝑔 > 0, we 

calculate the length of the period necessary for the real wage to be equal to one. To this end, we 

solve a more general problem, when it is required for the real wage to equal any given quantity 𝑄 

greater than the given wage.  

It follows from equation (32) that the number of years the reference period must last for the real 

wage of that period to equal 𝑄 satisfies the following equation: 

𝑄 = 𝑤
(

𝐺𝑛 − 1
𝐺 − 1

)

𝑛
.                                                                             (35) 

 

         

1957 1965 1973 1981.52 1984.768 2003

0

0.699

1
1.038

𝑡

0.699, 0.021𝑠1949−𝑡2

1, 0.0021
(1, 0)

1950
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To solve this equation for 𝑛, we will use a property of Lambert W function. With this purpose, we 

first perform some transformations of equation (35) to bring it to the appropriate form. The last 

equation implies that: 

𝑛𝑄

𝑤
=

𝐺𝑛 − 1

𝐺 − 1
                                                                                (36) 

 

𝑛𝑄(𝐺 − 1)

𝑤
= 𝐺𝑛 − 1                                                                        (37) 

 

𝐺𝑛 =
𝑛𝑄(𝐺 − 1)

𝑤
+ 1                                                                        (38) 

 

1 = (
𝑛𝑄(𝐺 − 1)

𝑤
+ 1) 𝐺−𝑛.                                                                (39) 

Multiplying both sides by 
𝑤

𝑄(𝐺−1)
 we get: 

𝑤

𝑄(𝐺 − 1)
= (𝑛 +

𝑤

𝑄(𝐺 − 1)
) 𝐺−𝑛 .                                                                 (40) 

Multiplying both sides by −𝐺
−

𝑤

𝑄(𝐺−1) yields: 

𝑤

𝑄(𝐺 − 1)
(−𝐺

−
𝑤

𝑄(𝐺−1)) = (𝑛 +
𝑤

𝑄(𝐺 − 1)
) (−𝐺

−
𝑤

𝑄(𝐺−1)) 𝐺−𝑛                                     (41) 

 

−
𝑤

𝑄(𝐺 − 1)
(𝐺

−
𝑤

𝑄(𝐺−1)) = (−𝑛 −
𝑤

𝑄(𝐺 − 1)
) 𝐺

−𝑛−
𝑤

𝑄(𝐺−1) .                                        (42) 

Replacing the second factor on the right side with its equivalent 𝑒
(𝑙𝑛𝐺)(−𝑛−

𝑤

𝑄(𝐺−1)
)
 we obtain: 

−
𝑤

𝑄(𝐺 − 1)
(𝐺

−
𝑤

𝑄(𝐺−1)) = (−𝑛 −
𝑤

𝑄(𝐺 − 1)
) 𝑒

(𝑙𝑛𝐺)(−𝑛−
𝑤

𝑄(𝐺−1)
)
.                                   (43) 

Multiplying both sides by 𝑙𝑛𝐺 results in: 

−
𝑤

𝑄(𝐺 − 1)
(𝐺

−
𝑤

𝑄(𝐺−1)) (𝑙𝑛𝐺) = (𝑙𝑛𝐺) (−𝑛 −
𝑤

𝑄(𝐺 − 1)
) 𝑒

(𝑙𝑛𝐺)(−𝑛−
𝑤

𝑄(𝐺−1)
)
.                   (44) 

Applying the Lambert W function to both sides of this equation, we can write: 

https://iessociety.org/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.56879/ijbm.v5i1.17


INTERNATIONAL JOURNAL OF BUSINESS AND MANAGEMENT (IJBM)   

ISSN: 2815-9330 (Online) 

 

VOL. 5, NO. 1 2026                                                                  https://iessociety.org/ 

 
Copyright: © 2026 by the author. Licensee IJBM IESS, New Zealand. This article is an open access article distributed 
under the terms and conditions of the Creative Commons Attribution (CC BY) license.  
 
DOI: https://doi.org/10.56879/ijbm.v5i1.17  

333 

 𝑊 [−
𝑤

𝑄(𝐺−1)
(𝐺

−
𝑤

𝑄(𝐺−1)) (𝑙𝑛𝐺)] = 𝑊 [(𝑙𝑛𝐺) (−𝑛 −
𝑤

𝑄(𝐺−1)
) 𝑒

(𝑙𝑛𝐺)(−𝑛−
𝑤

𝑄(𝐺−1)
)
].                 (45) 

Using the distinctive property of Lambert W function, we can substitute the right side of this 

equation with its equivalent, obtaining: 

𝑊 [−
𝑤

𝑄(𝐺 − 1)
(𝐺

−
𝑤

𝑄(𝐺−1)) (𝑙𝑛𝐺)] = (𝑙𝑛𝐺) (−𝑛 −
𝑤

𝑄(𝐺 − 1)
)                                 (46) 

 

−𝑛 −
𝑤

𝑄(𝐺 − 1)
=

𝑊 [−
𝑤

𝑄(𝐺 − 1)
(𝐺

−
𝑤

𝑄(𝐺−1)) (𝑙𝑛𝐺)]

𝑙𝑛𝐺
                                        (47) 

 

𝑛 = −
𝑤

𝑄(𝐺 − 1)
−

𝑊 [−
𝑤

𝑄(𝐺 − 1)
(𝐺

−
𝑤

𝑄(𝐺−1)) (𝑙𝑛𝐺)]

𝑙𝑛𝐺
.                                    (48) 

This brings us to the solution of the proposed problem. 

Example 2. Using the data from Example 1, we will calculate the number of years a reference 

period beginning in 1949 must encompass for the real wage to equal the average productivity per 

worker in that year.  

Substituting each variable in formula (48) with the corresponding value, we obtain: 

𝑛 = −
0.699

(1)(0.021)
−

𝑊 [(−
0.699

(1)(0.021)
) (1.021

−
0.699

(1)(0.021)) (0.020783)]

0.020783
                   (49) 

= −33.285714 −
𝑊(−0.346367)

0.020783
                                                                                      (50) 

Since −0.346367 ∈ ] −
1

𝑒
 , 0[ there are two values for 𝑊(−0.346367):2 −0.691805 and 

−1.38843. Introducing the first of these into equation (50) yields: 

𝑛 = −33.285714 −
−0.691798

0.020783
                                                        (51) 

= 0.001347                                                                                         (52) 

 

2 The calculator used is at the address https://www.had2know.org/academics/lambert-w-function-calculator.html 
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This is not the correct answer, which can be seen from the fact that it is a period of less than one 

year. Indeed, during the first year, the real wage is less than one. 

Now, introducing the second value of 𝑊(−0.346367) into equation (50) results in: 

𝑛 = −33.285714 −
−1.38843

0.020783
                                                                 (53) 

= 33.520329                                                                                              (54) 

This is the correct answer, as proved in Example 1. 

5. Years Required for the Real Wage of Two Different Wage Levels to be Equal 

In this Section, given two pairs of wage levels with their corresponding growth rate of average 

labor productivity (𝑤0, 𝑔0) and (𝑤1, 𝑔1) such that 0 < 𝑤0 < 𝑤1 ≤ 1 and 𝑔0 > 𝑔1 > 0, we 

calculate the length of the period necessary for the real wage to be same with the two pairs.  

Let 𝐺0 = 1 + 𝑔0 and 𝐺1 = 1 + 𝑔1. It follows from equation (32) that the number of years the 

reference period must last for the real wage of that period to be the same at the two indicated wage 

levels satisfies the following equation: 

𝑤0

(
𝐺0

𝑛 − 1
𝐺0 − 1

)

𝑛
= 𝑤1

(
𝐺1

𝑛 − 1
𝐺1 − 1

)

𝑛
.                                                                   (55) 

Multiplying both sides of this equation by 𝑛 results in: 

𝑤0(𝐺0
𝑛 − 1)

𝐺0 − 1
=

𝑤1(𝐺1
𝑛 − 1)

𝐺1 − 1
                                                                   (56) 

 

𝑤0(𝐺1 − 1)𝐺0
𝑛 − 𝑤0(𝐺1 − 1) = 𝑤1(𝐺0 − 1)𝐺1

𝑛−𝑤1(𝐺0 − 1)                              (57) 

 

𝑤0(𝐺1 − 1)𝐺0
𝑛 − 𝑤1(𝐺0 − 1)𝐺1

𝑛 = 𝑤0(𝐺1 − 1)−𝑤1(𝐺0 − 1).                             (58) 

It is important to note that this formula cannot be used when 𝑔1 = 0, since in this case a division 

by zero would be involved, as can be seen on the right side of equation (55). Although we don’t 

solve equation (58) for 𝑛 in general here, we show with an example how 𝑛 can be obtained based 

on the problem data, which is sufficient for the purposes of this paper. 

Example 3. Considering the data from Example 1, we assume that, when profit is equal to zero, 

average labor productivity grows at a rate that is one-tenth of the rate indicated in that example. 

Thus, we will calculate 𝑛 when 𝑤0 = 0.699, 𝑤1 = 1, 𝑔0 = 0.021 and 𝑔1 = 0.0021.   

Substituting the variables in equation (58) with the corresponding values, we obtain: 
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(0.699)(0.0021)(1.021)𝑛 − (1)(0.021)(1.0021)𝑛                                                     

= (0.699)(0.0021) − (1)(0.021)                                  (59) 

Entering this equation into the Wolfram equation solver results in 𝑛 = 36.768.3 Given this result, 

equation (28) allows us to calculate that the period considered ends in 1984.768. Substituting 

successively the variables on the left and right sides of equation (55) with the corresponding 

values gives, respectively: 

(0.699)
(

(1.021)36.768 − 1
1.021 − 1

)

36.768
= 1.038486                                                      (60) 

(1)
(

(1.0021)36.768 − 1
1.0021 − 1

)

36.768
= 1.038486                                                        (61) 

The results of the last two calculations allow us to verify the duration of the period obtained. 

Furthermore, they indicate the real wage when 𝑤 = 0.699 and 𝑤 =  1, respectively. Both 

measured using the productivity per worker in the first year of the reference period. 

Furthermore, the average labor productivity with the wage 𝑤 = 0.699,  according to formula (6), 

is: 

𝐴𝐿𝑃1949−1984.768(0.699) =
1.038486

0.699
                                                         (62) 

= 1.485673                                                         (63) 

Therefore, according to Proposition 1: 

µ1949−1984.768 = 1.485673                                                                   (64) 

To calculate the optimal wage level, we substitute the variables with their corresponding values in 

the equation (17): 

𝑤 ∗∗=
1.038486 +  1.485673

(1.485673)(2)
                                                         (65) 

   = 0.84950                                                                                     (66) 

To calculate the average labor productivity and the real wage when the wage attains its optimal 

level, we substitute the variables with their corresponding values in equations (8) and (5), 

respectively: 

𝐴𝐿𝑃1949−1984.768(0.84950) = 1.038486 +  1.485673(1 − 0.84950).                            (67) 

 

3 The equation solver is accessible with the link https://www.wolframalpha.com/calculators/equation-solver-calculator 
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= 1.262079                                                                                 (68) 

𝑠1949−1984.768(0.84950) = (0.84950)(1.262079)                                            (69) 

= 1.0721367                                                                 (70) 

Table 2. Tabulation of two functions of the wage when µ𝟏𝟗𝟒𝟗−𝟏𝟗𝟖𝟒.𝟕𝟔𝟖 = 𝟏. 𝟒𝟖𝟓𝟔𝟕𝟑 

𝑤 𝐴𝐿𝑃1949−1984.768(𝑤) 𝑠1949−1984.768(𝑤) 𝑤 𝐴𝐿𝑃1949−1984.768(𝑤) 𝑠1949−1984.768(𝑤) 

0       2.48 0 0.775 1.37 1.06 

0.17      2.27       0.38 0.849 1.26  1.072 

0.35              2.003    0.7 0.925   1.149 1.06 

0.52              1.75     0.91 1    1.038   1.038 

0.699     1.48       1.038    

Source: own elaboration with data from Weinstock (2023) and York (2023). 

Figure 2. Two functions of the wage when 𝝁𝟏𝟗𝟒𝟗−𝟏𝟗𝟖𝟒.𝟕𝟔𝟖 = 𝟏. 𝟒𝟖𝟓𝟔𝟕𝟑 

                              

Table 2 presents the values of the average labor productivity and the real wage for nine different 

wage levels. These values were calculated for a reference period whose productivity/profit rate is 

1.038
1.072

1.26

2.48

0 0.699 0.849 1 𝑤

𝐴𝐿𝑃1949−1984.768(𝑤)

𝑄

𝐿

𝑠1949−1984.768(𝑤)
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1.485673. Figure 2 presents the graphs of the functions tabulated in Table 2. In it we can 

appreciate the interval ]0.699, 1[ containing the wage levels for which the real wage is greater than 

the one corresponding to the situation where there is no exploitation. Also, that the set of possible 

wage levels is divided in two semi open intervals [0, 0.849[ and ]0.849, 1] integrated by those that 

are smaller and greater than the optimal wage level, respectively. Considering the set of wage 

earners as a class, they find their economic interest either when the wage increases within the first 

interval or when it decreases within the second one. At the same time, the exploitation rate 

decreases and increases in the first and in the second case, respectively. 

6. The Present Value of the Real Wage over a Period 

In this section, we will revisit the problems discussed in sections 3 and 5, this time considering the 

present value at the beginning of the reference period of the quantities involved in each case.  

6.1 The Present Value of the Average Labor Product of a Sequence of Years 

Let ℎ ≥ 0 be the annual discount rate, which we assume to be constant throughout the reference 

period. The present value of the average product per worker in the first year is 
𝐴𝐿𝑃𝑡1

(𝑤)

(1+ℎ)
  units, in 

the second year it is 
𝐴𝐿𝑃𝑡1

(𝑤)(1+𝑔)

 (1+ℎ)2  units, in the third year 
𝐴𝐿𝑃𝑡1

(𝑤)(1+𝑔)2

 (1+ℎ)3  units, and so on. The present 

value of the average labor productivity over the period is the quotient of the sum of the present 

values of the quantities produced each year per worker divided by the number of years in the 

period: 

𝑃𝑉𝐴𝐿𝑃𝑡1−𝑡2
(𝑤) =

𝐴𝐿𝑃𝑡1
(𝑤) [

1
1 + ℎ

+
1 + 𝑔

 (1 + ℎ)2 +  
(1 + 𝑔)2

 (1 + ℎ)3 … +
(1 + 𝑔)𝑡2−𝑡1

 (1 + ℎ)𝑡2−𝑡1+1]

𝑡2 − 𝑡1 + 1
              (71) 

=

𝐴𝐿𝑃𝑡1
(𝑤)

1 + ℎ
[1 +

1 + 𝑔
1 + ℎ

+  
(1 + 𝑔)2

 (1 + ℎ)2 … +
(1 + 𝑔)𝑡2−𝑡1

 (1 + ℎ)𝑡2−𝑡1
]

𝑡2 − 𝑡1 + 1
.                                (72) 

Let 

𝐻 =
1 + 𝑔

1 + ℎ
.                                                                                  (73) 

Substituting in equation (72) variables 𝐴𝐿𝑃𝑡1
(𝑤), 𝑡2 − 𝑡1 + 1 and  

1+𝑔

1+ℎ
 according to equations 

(3), (28) and (73), respectively, we get: 

𝑃𝑉𝐴𝐿𝑃𝑡1−𝑡2
(𝑤) =

1
1 + ℎ

(1 + 𝐻 + 𝐻2 … + 𝐻𝑡2−𝑡1)

𝑛
.                                                 (74) 
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Applying the formula for a sum of a geometric progression, we can write the last equation as 

follows: 

𝑃𝑉𝐴𝐿𝑃𝑡1−𝑡2
(𝑤) = (

1

1 + ℎ
)

(
𝐻𝑛 − 1
𝐻 − 1

)

𝑛
                                                              (75) 

where the average labor productivity during the reference period appears as a multiple of the 

average labor productivity in the first year of the period.  

Equations (5) and (75) allow us to express the present value of the real wage of the reference 

period by means of the next formula: 

𝑃𝑉𝑠𝑡1−𝑡2
(𝑤) = (

𝑤

1 + ℎ
)

(
𝐻𝑛 − 1
𝐻 − 1

)

𝑛
.                                                              (76) 

It follows from equations (73), (74) and (76) that the present values of average labor productivity 

and average real wage over a period are both increasing, constant or decreasing functions of the 

length of the period if 𝑔 is greater, equal or less than ℎ, respectively. 

6.2 Years Required for the Present Value of the Real Wage to be the Same for Two Different 

Wage Levels 

Let 𝑤0, 𝑤1 (0 < 𝑤0 < 𝑤1 ≤ 1) be a given pair of wage levels, 𝑔0 and 𝑔1 (𝑔0 > 𝑔1 > 0) are the 

growth rates of average labor productivity when 𝑤 = 𝑤0 and 𝑤 = 𝑤1, respectively. Furthermore, 

let 𝐻0 =
1+𝑔0

1+ℎ
  and 𝐻1 =

1+𝑔1

1+ℎ
.  

It follows from equation (76) that the number of years the reference period must last for the present 

value of the real wage of that period to be the same at the two indicated wage levels satisfies the 

following equation: 

(
𝑤0

1 + ℎ
)

(
𝐻0

𝑛 − 1
𝐻0 − 1

)

𝑛
= (

𝑤1

1 + ℎ
)

(
𝐻1

𝑛 − 1
𝐻1 − 1

)

𝑛
.                                                 (77) 

Multiplying both sides of this equation by 𝑛(1 + ℎ) results in: 

𝑤0(𝐻0
𝑛 − 1)

𝐻0 − 1
=

𝑤1(𝐻1
𝑛 − 1)

𝐻1 − 1
                                                       (78) 

 

𝑤0(𝐻1 − 1)𝐻0
𝑛 − 𝑤0(𝐻1 − 1) = 𝑤1(𝐻0 − 1)𝐻1

𝑛−𝑤1(𝐻0 − 1)                    (79) 

 

𝑤0(𝐻1 − 1)𝐻0
𝑛 − 𝑤1(𝐻0 − 1)𝐻1

𝑛 = 𝑤0(𝐻1 − 1)−𝑤1(𝐻0 − 1).                   (80) 
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It is important to note that this formula cannot be used when 𝑔0 = ℎ nor when 𝑔1 = ℎ because in 

either of these cases a division by zero would be involved, as can be seen in equation (77). 

Although we don’t solve equation (80) for 𝑛 in general here, we show through an example how 𝑛 

can be obtained based on the problem data, which is sufficient for the purposes of this paper. 

7. Study of a Particular Case Illustrating Sections 2 and 6 

In this Section, we study a particular case with the purpose of illustrating some results from 

sections 2 and 6. Revisiting the case from examples 1 and 3, we will also take into account that 

according to YCHARTS (2025), the long-term average discount rate in the USA is 2.3%.  

7.1 The Value of 𝑛 in Equation (𝟖𝟎) 

We will calculate 𝑛 when 𝑤0 = 0.699, 𝑤1 = 1, 𝑔1 = 0.021, 𝑔0 = 0.0021 and ℎ = 0.023. 

Substituting each variable with its value in equation (80), we obtain: 

(0.699) (
1.0021

1.023
− 1) (

1.021

1.023
)

𝑛

− (1) (
1.021

1.023
− 1) (

1.0021

1.023
)

𝑛

 

= (0.699) (
1.0021

1.023
− 1) − (1) (

1.021

1.023
− 1).     (81) 

Performing some of the operations indicated in this equation yields: 

(0.699)(−0.0204301075)(0.99804496)𝑛 − (−0.001955034)(0.97956998)𝑛  

= (0.699)(−0.0204301075) − (−0.001955034).     (82) 

Entering this equation into the Wolfram equation solver results in 𝑛 = 42.7478. Given this result, 

equation (28) allows us to calculate that the period considered ends in 1990.7478. Substituting 

successively the variables on the left and right sides of equation (77) with the corresponding data 

gives, respectively: 

(
0.699

1.023
)

(
(

1.021
1.023)

42.7478

− 1

1.021
1.023 − 1

)

42.7478
= (

0.699

1.023
)

(
(0.99804496)42.7478 − 1

−0.001955034
)

42.7478
                 (83) 

= 0.656128390                                                           (84) 

(
1

1.023
)

(
(0.97956998)42.7478 − 1

−0.0204301075
)

42.7478
= 0.6561285                                  (85) 

The results of the last two calculations allow us to verify the duration of the period obtained. 

Furthermore, they indicate the present values the of real wage when 𝑤 = 0.699  and 𝑤 =  1, 

respectively. Both measured using the product per worker in the first year of the reference period. 
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0

0.6561
0.6832

0.9775

1960 1970 1980 1990.7478 2010 𝑡

𝑃𝑉𝑠1949−𝑡2
(0.699)

(0.699, 0.021)

(1, 0.0021)

1949

Table 3 shows the present value of average labor productivity for two different wage levels and 

their corresponding labor productivity growth rates. These values were calculated for seven 

reference periods of varying lengths, all starting in 1949. 

Table 3. Tabulation of PV 𝒔𝟏𝟗𝟒𝟗−𝒕𝟐
(𝒘) for two different pairs (𝒘, 𝒈 

𝑡2 (1, 0.0021) (0.699, 0.021) 𝑡2 (1, 0.0021) (0.699, 0.021) 

1949 0.9775 0.6832 1990.7478 0.6561 0.6561 

1960 0.8748 0.6759 2000 0.6065 0.6503 

1970     0.7938   0.6694 2010 0.5571 0.6440 

1980  0.7228 0.6571    

Source: own elaboration with data from Weinstock (2023), YCHARTS (2025) and York (2023) 

Figure 3. Graphics of 𝑷𝑽𝒔𝟏𝟗𝟒𝟗−𝒕𝟐
(𝟎. 𝟔𝟗𝟗) for two pairs (𝑤, 𝑔) 
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Figure 3 presents the graphs of the functions tabulated in Table 3. There, we can appreciate the 

evolution of the present value of average labor productivity as a function of the number of years 

included in the reference period. The figure illustrates the last case mentioned in the paragraph just 

below equation (76), when 𝑔 < ℎ, for two different pairs (𝑤, 𝑔).  

7.2 The Productivity/Profit Rate in the Period 1949-1990.7478 

First, we calculate 𝐴𝐿𝑃1949−1990.7478(1) and 𝐴𝐿𝑃1949−1990.7478(0.699) to then obtain the 

productivity/profit rate for the period. Successively substituting the variables in equation (31) with 

their corresponding values yields: 

𝐴𝐿𝑃1949−1990.7478(1) =
(

1.002142.7478 − 1
1.0021 − 1

)

42.7478
                                                  (86) 

= 1.04511                                                                         (87) 

𝐴𝐿𝑃1949−1990.7478(0.699) =
(

1.02142.7478 − 1
1.021 − 1

)

42.7478
                                                (88) 

= 1.5943                                                                       (89) 

Substituting the variables with their respective values in formula (7) yields: 

µ1949−1990.7478 =
1.5943 − 1.04511

1 − 0.699
                                            (90) 

= 1.8247                                                                  (91) 

These results allow us to calculate 𝑤 ∗ and 𝑤 ∗∗ by substituting the variables with their 

corresponding values in equations (18) and (17), respectively: 

𝑤 ∗=
1.04511

1.8247
                                                                            (92) 

= 0.5727                                                                               (93) 

𝑤 ∗∗=
1.04511 +  1.82472

(1.82472)(2)
                                                               (94) 

   = 0.78637                                                                                      (95) 

7.3 The Present Value of 𝒔𝒕𝟏−𝒕𝟐
(𝒘) 

To study the present value of the real wage 𝑃𝑉𝑠𝑡1−𝑡2
(𝑤), it is useful to consider that 𝑔 is a 

monotonically decreasing function of 𝑤, and therefore the inverse function 𝑤 = 𝑤(𝑔) exists. 

Expressing some functions of 𝑤 as functions of 𝑔 simplifies the construction of Table 4, which 

allows us to obtain the graph of the function 𝑃𝑉𝑠𝑡1−𝑡2
(𝑤).  
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Table 4. Tabulation of four functions of 𝒈 when µ𝟏𝟗𝟒𝟗−𝟏𝟗𝟗𝟎.𝟕𝟒𝟕𝟖 = 𝟏. 𝟖𝟐𝟒𝟕 

𝑔 𝐴𝐿𝑃1949−1990.7478(𝑔) 𝑤(𝑔) 𝑠1949−1990.7478(𝑔) 𝑃𝑉𝑠1949−1990.7478(𝑔)  

0.0021 1.0454 1 1.0454 0.6561  

0.0081 1.1892 0.9211 1.095 0.6737  

0.0141           1.3595    0.8278 1.1253 0.6781  

− 1.4351 0.7863 1.1285 −  

0.021 1.5943 0.699 1.1144 0.6571  

0.025 1.7531 0.6121 1.073 0.6234  

0.03 1.979 0.4883 0.9663 0.5522  

0.035  2.2402            0.3451 0.7731 0.4347  

0.04 2.5424 0.1795 0.4563 0.2526  

0.044 2.8182 0.028 0.0789 0.0431  

Source: own elaboration with data from Weinstock (2023), YCHARTS (2025) and York (2023). 

The table shows the values of several variables corresponding to ten different levels of 𝑔 for a 

period of 42.7478 years when the productivity/profit rate is 1.8247. To construct Table 4, we begin 

by selecting the value of 𝑔 corresponding to 𝑤 = 1 and, through trial and error, a value of 𝑔 for 

which 𝐴𝐿𝑃1949−1990.7478(𝑔) is close to 2.8247, that is, to the value of this function when 𝑤 = 0. 

We then choose the other values within the interval determined by the two already selected. Next, 

we successively enter the values from the first column of that table into equation (31), thus 

obtaining the corresponding values from the second column. By then entering successively these 

values, along with two other known values, into equation (8) and solving it for 𝑤, we obtain the 

corresponding values from the third column. Finally, by entering the values from each row of 

columns one and three into equations (32) and (76), we obtain the corresponding values from the 

fourth and fifth columns, respectively. Figure 4 presents the graphs of 𝑠1949−1990.7478(𝑤), 

𝑃𝑉𝑠1949−1990.7478(𝑤) and 𝐴𝐿𝑃1949−1990.7478(𝑤), built with the data shown in Table 4. In the first 

graph, we can appreciate the interval ]0.61, 1[ containing the wage levels for which the real wage 

is greater than the one corresponding to the situation where there is no exploitation. Also, that the 

set of possible wage levels is divided in two semi open intervals [0, 0.78[ and ]0.78, 1] integrated 
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by those that are smaller and greater than the optimal wage level, respectively. Considering the set 

of wage earners as a class, they find their economic interest either when the wage increases within 

the first interval or when it decreases within the second one. At the same time, the exploitation rate 

decreases and increases in the first and in the second case, respectively. Similar conclusions may 

be reached observing the second graph. Although the quantities involved are different in each case. 

Figure 4. Three variables as functions of 𝒘 
 

 

8. The Productivity/Profit Rate as a Function of 𝑤 

In the general case, the productivity/profit rate is not necessarily the same for all values of 𝑤 and 

can even take on negative values if average labor productivity decreases sufficiently when profit 

increases. Indeed, it follows from equation (7) that this occurs if, for a level of 𝑤 less than one, the 

average labor productivity for the period is lower than when 𝑤 equals one. 

According to the above, we can express µ𝑡1−𝑡2
 as a function of the wage as follows: 

µ𝑡1−𝑡2
= µ𝑡1−𝑡2

(𝑤) ∀ 𝑤 ∈ [0,1[.                                                          (96) 

To obtain the change in the real wage that takes place when the wage falls from one to a level 𝑤 ∈

[0,1[ we subtract from 𝐴𝐿𝑃𝑡1−𝑡2
(1) the right side of equation (9), after rewriting it according to 

the equation (96): 

0.6561

1.0454

1.1285

1.4351

2.87912

10.920.780.690.610.490.350.180.03 𝑤

𝑄

𝐿

𝐴𝐿𝑃1949−1990.7478(𝑤)

𝑠1949−1990.7478(𝑤)

𝑃𝑉𝑠1949−1990.7478(𝑤)
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∆𝑠𝑡1−𝑡2
(𝑤) = 𝐴𝐿𝑃𝑡1−𝑡2

(1) − 𝑤𝐴𝐿𝑃𝑡1−𝑡2
(1) − 𝑤µ𝑡1−𝑡2

(𝑤)(1 − 𝑤)                                    (97) 

= 𝐴𝐿𝑃𝑡1−𝑡2
(1)(1 − 𝑤) − 𝑤µ𝑡1−𝑡2

(𝑤)(1 − 𝑤)                                                    (98) 

= [𝐴𝐿𝑃𝑡1−𝑡2
(1) − 𝑤µ𝑡1−𝑡2

(𝑤)](1 − 𝑤).                                                               (99) 

Considering the sign on the right side of this equation, we must distinguish the two cases indicated 

below in inequalities (100) and (101) 

Figure 5. Two possible forms of 𝒔𝒕𝟏−𝒕𝟐
(𝒘) 

 

𝐴𝐿𝑃𝑡1−𝑡2
(1) ≥ 𝑤µ𝑡1−𝑡2

(𝑤) ∀ 𝑤 ∈ [0,1[.                                                       (100) 

In this case, ∆𝑠𝑡1−𝑡2
(𝑤) ≥ 0, so 𝐴𝐿𝑃𝑡1−𝑡2

(1) ≥ 𝑠𝑡1−𝑡2
(𝑤) ∀ 𝑤 ∈ [0,1[. The equality holds for 

those values 𝑤𝑥 in the indicated interval where the graph of the function 𝑠𝑡1−𝑡2
(𝑤) is tangent to 

the horizontal line of height equal to one, as illustrated by the curve 𝑠𝑥 in Figure 5. For all other 

wage levels within the interval, the real wage is less than 𝑠𝑡1−𝑡2
(1). This is the rare case where a 

𝑤 ∈ [0,1[ whose real wage equals 𝑠𝑡1−𝑡2
(1) does not limit from below an open interval where the 

real wage is greater than 𝑠𝑡1−𝑡2
(1) for all wage levels in the interval. Therefore, the maximum 

level of the real wage is 𝑠𝑡1−𝑡2
(1), but it can be reached by more than one wage level.  

𝐴𝐿𝑃𝑡1−𝑡2
(1) < 𝑤µ𝑡1−𝑡2

(𝑤)                                                               (101) 

for at least one wage level 𝑤𝑦 ∈ ]0,1[. 

𝑤

𝑠𝑡1−𝑡2
𝑤

𝑠𝑦

𝑠𝑡1−𝑡2
1

𝑠𝑥

𝑤𝑎 𝑤𝑦 𝑤𝑏′𝑤𝑥 𝑤𝑏 𝑤𝑎′ 1
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In this case, ∆𝑠𝑡1−𝑡2
(𝑤𝑦) < 0, so 𝐴𝐿𝑃𝑡1−𝑡2

(1) < 𝑠𝑡1−𝑡2
(𝑤𝑦). That is, the real wage is higher at 𝑤𝑦 

than when all income goes to workers. Since 𝑠𝑡1−𝑡2
(𝑤) is a continuous function, 𝑤𝑦 is contained 

in an open interval ]𝑤𝑎, 𝑤𝑏[ such that to each wage level within it corresponds a real wage greater 

than 𝑠𝑡1−𝑡2
(1). Furthermore, there may be more than one interval with this characteristic, as 

illustrated by the curve 𝑠𝑌 in Figure 5. It follows from the above that the real wage reaches its 

highest level at one or more wage levels smaller than one. 

 9. Conclusions 

As can be seen in the sections 5, 6 and 7, by disregarding successively only assumption a) and then 

assumptions a) and b) indicated in Section 1 and proceeding with the corresponding calculation, 

longer periods are required for the same real wage to be observed in both exploitative and non-

exploitative situations. This in itself does not substantially alter any of the three properties of these 

situations described in the same section. In fact, the length of these periods can vary considerably 

depending on the different variables involved. However, as shown in Section 8, when the 

productivity/profit rate is a function of the wage, the first and the last of those properties are not 

modified, but the second one is. Indeed, if this rate is not constant, then, given a period and 

economy such that the same real wage corresponds to a pair (𝑤, 1) where 𝑤 < 1, there may be 

several intervals of wage levels for which the corresponding real wages are either above or below 

the real wage at the zero-profit level. In this case, there would also be more than one wage level 

lower than one for which the corresponding real wage is equal to that at the zero-profit level. 
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